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10-1 Using Statistics

This scatterplot locates pairs of observations of
advertising expenditures on the x-axis and sales
on the y-axis. We notice that:

v’ Larger (smaller) values of sales tend to be
associated with larger (smaller) values of
advertising.

v’ The scatter of points tends to be distributed around a positively sloped straight line.

v’ The pairs of values of advertising expenditures and sales are not located exactly on a
straight line.

v’ The scatter plot reveals a more or less strong tendency rather than a precise linear
relationship.

v" The line represents the nature of the relationship on average.




Examples of Other Scatterplots _ sice:




Model Building

dvertising and sales
Jgests that a statisti
del might be usefu

Data

e
|

Systematic
component
+
Random
errors

_Slide 5

reatments (SSTR)
random compone

In regression, the

stematic componen

the overall linear




10-2 The Simple Linear
Regression Model

E[Y|X]= B, + B.X

Slmple Linear rRegression and Ccorrelation by ohakeel Nouman IVI.Phil statistics Govt. College university Lanore, statistical Of1TIce




Picturing the Simple Linear
Regression Model

_Slide 7

2gression P

cted or average value

Jependent variable, an

Independent or predic
variable:

E[Yi]=B, + B, X

ual observed values 0
from the expected val
explained or random &

o = Intercef




Assumptions of the Simple
Linear Regression Model

_Slide 8

e values of the
ependent variable X
sumed fixed (not
dom); the only
domness in the valu
omes from the error

e errors g; are normal
tributed with mean 0O
iance o2. The errors

tributions of erro
Il centered on the
regression line.
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10-3 Estimation: The Method of
Least Squares

_Slide 9

The estimated regression equation:
Y=Db,+b;X+e

estimates the intercept of the population regression
stimates the slope of the population regression line,

Y = by +by X
at) 1s the value of Y lying on the fitted reqression li

ple Linear Regression and Correlation B akeel Nouman M.Phi atisti ovt. College University Lahore



Fitting a Regression Line _Slide 10




Errors in Regression _Slide 1

SErved dala

by X the fitted regression lin

edicted value or Y 10r _
|
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Least Squares Regression _Slide 12

ares regression line is that which minimizes
0 the estimates b, and b, .

22E

Least squa




SUMS OoT squares, Cross
Products, and Least Squares  _ sides

Estimators

(V=YY =2y ==
=> (X=X)(y-y) =D xy—

ares regression estimators:

(X




Example 10-1 _Slide 14

3418801
4104676
4549689
5076009
5760000
6091024
7284601
7873636
9498724
10297681

= 40,947,557.

(79,448)(106,605)
25

12013156
13271449
14837904
16265089
18207288
20232004
20548088

%y 51,402,852.4

= =1.25533377¢
40,947 ,557.84

X

imple Linear Regression and Correla akeel Nouman M.Phi atisti ovt. College University Lahore atistical Officer



lTemplate (partial output) that
can be used to carry out a Side 15
Simple Regression

1
2
3 0.9652 .
4 Confidence Interval for Slope r| 09524 |Cod
5 594111 lI-ax (1-ax) C.I. for 84
B 441.726 128633 +or- 010285 s{hy )| 0.04572|5ta
7 -54 9343
g 118.402 | Confidence Interval for Intercept
g -2E3962 (| 1-a (1-a) C.I. for g
10 513,156 27485 +or- 352 368 s(bg)| 170337 |5ta
11 B3.5234
12 281.883 | Prediction Interval for ¥
13 =197 651 1-a X {1-a) P.I. for ¥ given X
14 320,987 +or - s| 318.155|5ta
15 -291 996
16 200,684 | Prediction Interval for E[Y|X]
17 -585.788| | 1-a X {1-a) P.l. for E[¥ | X]
18 388.784 + o -
19 -3581.837
imple Linear Regression and Correlation B el Nouman M.Phil Statisti ovt. College University Lahore, Statistical Officer




lemplate (continued) that can
be used to carry out a Simple  __sices
Regression

A, B C ] H [ J K L hi ] o
19| 15 -381.837
20 1B 449,959 | ANOVA Table
21 17 =309 395 | |Source 55 df Ms F Foriien | P -value
221 18 -190.611 Regn. |B.SEHIY 1 B.AEHT | B37 472 | 4.27934) 0.0000
23 19 106641 Error| 2325161 23 101224
24| 20 435659 Total |6 7EHIY 24
25 2 83.7223
26| 22 120,627 | Scatter Plot, Regression Line and Regression Equation A
2|3 -343.4989 |
28| 94 151 5959 a000 ¥ =1.2553x + 27485
29| 25 -138.681
a 7000
El 6000 -
32
33 s000
34 > 4000
35
6 3000 +
37 2000
38
39 1000 +
"I‘H:I |:| T T T T T
41 0 1000 2000 SD)I'EIEI 4000 S000 BOOO
42 o

imple Linear Regression and Correlation B akeel Nouman M.Phi atisti ovt. College University Lahore qtistical Offi




lTemplate (continued) that can
be used to carry out a Simple
Regression

Residual Analysis

Durhin-Watson statistic

d[281697]

_Slide 17

Residual Plot




Template (continued) that can be
used to carry out a Simple _Slide 18
Regression

Normal Probability Plot of Residuals

2 4

1 4

L 500 1000 15
- A

Corresponding
Normal Z

2

Plat Area

Residuals

Note: The normal probability plot is approximately linear. This
would indicate that the normality assumption for the errors has not
been violated.

R RREEEE=DE=_EDES=SSSSSS====————,
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Total Variance and Error

Variance R
Y Y
A A
o ’E
_-"o
~“0.9
o_-%%o0
[o 4
[ohs o
o®_c~ o
0 o706 O
-
Aﬂr"'!]
+
+
-l-—"‘—-#‘f-"‘"jd‘q'q-* 'F.F
- —_'!:‘P.b.‘—
» X

What you see when looking :
at the total variation of Y. What you see when looking

along the regression line at
the error variance of .
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10-4 Error Variance and the
Standard Errors of Regression _Slide 20
Estimators

Example 10 - 1:

SSE =SSy —bySSyy

= 66855898 — (1.255333776)(51402852.4)
= 2328161.2

SSE 2328161.2

n—2 23

= 101224.4

S = JMSE = \/101224.4 = 318.158

MSE =

ession and Correlation By Shakeel Nouman M.Phil Statistics Govt. College University Lahore, Statistical Office




Standard Errors of Estimates
In Regression

_Slide 21

(b,) = 318.158+/293426944

\/(25)(4097557.84)
170.338

S

dard error of b, (slope):




Confidence Intervals for the
Regression Parameters

_Slide 22

ado|S = 1ybraH

o
o

ollege University Lahore
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Template (partial output) that caft——
be used to obtain Confidence
Intervals for B, and B,

-54 9343
118.402 | Confidence Interval for Intercept

1

2

3 0.9652 .
4 Error | Confidence Interval for Slope r| 09524 |Cod
5 594111 1-a (1-ax) C.I. for 84

B 441.726 128533 +or- 010285 s{hy )| 0.04572|5ta
7

&)

g

-2E3962 (| 1-a (1-x) C.I. for 8
10 513,156 27485 +or- 352 368 s(bg)| 170337 |5ta
11 B3.5234
12 281.883 | Prediction Interval for ¥
13 =197 651 1-a X {1-a) P.I. for ¥ given X
14 320,987 +or - s| 318.155|5ta
15 -291 996
16 200,684 | Prediction Interval for E[Y|X]
17 -585.788| | 1-a X {1-a) P.l. for E[¥ | X]
18 388.784 + of -
19 -3581.837

Lahore atistical O

er
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10-5 Correlation Slide 24

of the degree of linear association betwee
variables.

ation correlation, denoted by p, can take on

® U JI1CAlEesS a 11edalive CC clalil
p=0 Indicates no linear relationship
y< 1 Indicates a positive linear relatio
Indicates a perfect positive linear relatio

1LES UI1C cl1gUl O €Xd

R —
Simile Linear Reiression and Correlation Bi Shakeel Nouman M.Phil Statistics Govt. Colleﬁe Universiti Lahore| Statistical Officer



_Slide 25

lllustrations of Correlation

¥ p=-1 " ) Pl N P-
..‘o "0..:0. o0 0'.’
.. °© 00 g 0,0 °°
0. :. .."00 "

0.. 0 0. .. ’0’

o © e %0 N, >
.0.0.. o....‘O.O.o' % ‘0000 00..
) 0 0% o ot "o ©
8..".' ': . 0 '0....: .'..o
0. [} ° ° ¢ .Q.. ..:.

K e e

R RREEEE=DE=_EDES=SSSSSS====————,
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Covariance and Correlation Slide 26

Cov(X,Y) = E[(X — sy )(Y = pty )]
d x, are the population means of X and Y re

R —
Simile Linear Reiression and Correlation Bi Shakeel Nouman M.Phil Statistics Govt. Colleﬁe Universiti Lahore| Statistical Officer



Hypothesis Tests for the
Correlation Coefficient

_Slide 27

n—2
0.9824

1-0.9651

25-2
0.9824

0.0389 ~ 2>%°

(n-2)

Tes{ Statistic: I \/




10-6 Hypothesis Tests about the

_Slide 28

Regression Relationship

Constant Y Unsystematic Variation Nonlinear Relationship
Y Y Y




Hypothesis Tests for the

_Slide 29

Regression Slope

) S(bl)

1.25533
- = 25.28

" 0.04972

=1.671>1.14
= 2.807 < 25.25 05,58)
$:23) ot rejected at the10% le

ession and Correlation By Shakeel Nouman M.Phil Statistics Govt. College University Lahore, Statistical Office



10-7 How Good iIs the

Reqgression? e

of the regression relationship, a measure of
regression line fits the data.

y="= -9 + -V
Total = Unexplained Explained

Deviation Deviation Deviation
(Error) (Regression)

S(Y-2=3(y—92 +>(—y)°
ytal Deviatic

SST = SSE + SSR

2_SSR_,_SSE

~ SST SST

otal variatio
plained by t
X regression.
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The Coefficient of Determination

645277368 ,
66855808  O00°18

Simple Linear Regression and Correlation By Shakeel Nouman M.Phil Statistics Govt. College University Lahore, Statistical Off



10-8 Analysis of Variance and an F
Test of the Regression Model

_Slide 32

Degrees 0
Freedom
Mean Square

64527736.8
101224 .4

Simple Linear Regression and Correlation By Shakeel Nouman M.Pnil Statistics Govt. College University Lahore, Statistical Office



Template (partial output) that="==
displays Analysis of Variance and
an F Test of the Regression Model

A, B C ] H [ J L hi ] o
19| 15 -381.837
20 1B 449,959 | ANOVA Table
21 17 =309 395 | |Source 55 df Ms F Foriien | P -value
221 18 -190.611 Regn. |B.SEHIY 1 B.AEHT | B37 472 | 4.27934) 0.0000
23 19 106641 Error| 2325161 23 101224
24| 20 435659 Total |6 7EHIY 24
25 2 83.7223
26| 22 120,627 | Scatter Plot, Regression Line and Regression Equation A
2|3 -343.4989 |
28| 94 151 5959 a000 ¥ =1.2553x + 27485
29| 25 -138.681
a 7000
El 6000 -
32
33 s000
34 > 4000
35
6 3000 +
37 2000
38
39 1000 +
-"-1-':' |:| T T T T T
41 0 1000 2000 SD)I'EIEI 4000 S000 BOOO
42 o




10-9 Residual Analysis and
Checking _Slide 34
for Model Inadequacies

Residuals Residuals

Residuals Residuals e,
® e o0, ]
[ ] L ] 'Y ’
. . ® : :.‘.'o:..o:.':.':.:
et o gk
LRI % )
0= .o.p.o.o ° 0 — Q o [
o o ° e . ‘. ®
X eet: o
0,0 @ e ©® ™
) °o® 0.
Time xory

siduals exhibit a linear trend with ti underlying nonlinear relationship.
R R R RRREEEREERED_=DD—__EEDDmm——.,
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Normal Probability Plot of the
Residuals

_Slide 35

Flatter than Normal

Normal Probability Plot

Probability

Simple Linear Regression and Correlation By Shakeel Nouman M.Phil Statistics Govt. College University Lahore, Statistical Office



Normal Probability Plot of the
Residuals

_Slide 36

More Peaked than Normal

Normal Probability Plot

Probability

Simple Linear Regression and Correlation By Shakeel Nouman M.Phil Statistics Govt. College University Lahore, Statistical Office



Normal Probability Plot of the
Residuals

_Slide 37

More Positively Skewed than Normal

Normal Probability Flot

Probability

Simple Linear Regression and Correlation By Shakeel Nouman M.Phil Statistics Govt. College University Lahore, Statistical Office



Normal Probability Plot of the
Residuals

_Slide 38

More Negatively Skewed than Normal

Normal Probability Plot

Probability

Simple Linear Regression and Correlation By Shakeel Nouman M.Phil Statistics Govt. College University Lahore, Statistical Office



10-10 Use of the Regression
Model for Prediction

_Slide 39

obtained by inserting the value of
ated regression equation.

lon Interval

a value of Y given a value of X

ariation in regression line estimate
ariation of points around regression line

an average value of Y given a valu

imple Linear Regression and Correlation B akeel Nouman M.Phi atisti ovt. College University Lahore atistical Officer



Errors in Predicting E[Y|X] _Slide 40

Y .pel’ ||m|t on SI' Y .er ||m|t on inter. ‘
oressionlg | | | .~ ~ BRegression li
...s:::'.'-':. """ -,'\; [imi I' v ‘‘‘‘‘‘ e :
— v !erlimit on inter'
X X X X
1) Uncertainty about the 2) Uncertainty about the
slope Intercept
of the regression fine of the regression Tine
imple Linear Regression and Correlation B eel Nouman M.Phil Statisti ovt. College University Lahore, Statistical Officer




Prediction Interval for E[Y|X]  _sicea

Iction band for E[

2 prediction band wic
he distance from the
an of X increases.

dictions become ver
eliable when we
apolate beyond the
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Additional Error in Predicting
Individual Value of Y

_Slide42

Y A - -
Y ‘iction band for E[_
I egressio
v —’/‘// ......... e // /////
...................... '//
//
e
/ diction band fo
|
> X X X
3) Variation around the regression
line Prediction Interval for E[Y|X]
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Prediction Interval for a Value of

_Slide 43




Prediction Interval for the
Average Value of Y

_Slide 44

1(X =4,000):

2553)(4,000)} + 2.069 x 318.16




Template Output with Prediction
Intervals

Slide 45

1

2

3

4 Confidence Interval for Slope

] b.94111 1-ox {1-ax) C.I. for 84

b 441720 120633 +or- 010285

7 -54 9343

& 115,402 | Confidence Interval for Intercept

S -2B35R2 || 1-a 1-ax) C.I. for 8y

10 -513.156 27485 +or- 3523568

11 b3.5.234

12 281.8683 | Prediction Interval for Y

13 =197 B5T 1-ox X (1-ax) P.l. for ¥ given X
14 320,957 H 520618 +or- B/76.498
15 -291. 59596

16 200 654 | Prediction Interval for E[Y]X]

17 -588.758 ‘ 1-ax ‘ X \ (1-a) P.l. for E[¥Y | X]
18 368,754 520618 +or-  156.449
19 -381.837

on and Correlation By Shakeel Nouman M.Phil Statistics Govt. College University Lahore, Statistical Office




10-11 The Solver Method for
Regression

_Slide 46

The solver macro available in EXCEL can also be used to
conduct a simple linear regression. See the text for
mstructlons

L o i Y= AT O

Regression Using the Solver

00~ @ M k= Wk —

S S T
M= Wk —= 0O g

SSE

Intercept

Prediction

1. 379396

by

Error

2815292

1.667899

0.0457

-0.2806

0.3143

-0.3633

-0.0717

-0.4404

0.15549

0.0574

-0.34597

-0.4936

-0.3100

-0.56252

01154

-0.0029

-0.25932

X

¥
5.9995995

-

—
=

— ra L] I n o | o0 a
1 1 1 1 1 1 1 1 1
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